In this article we give a general method to compute sets of algebraic curves with prescribed incidence relations and tropicalizations. It generalizes the geometric constructions presented in Tabera, 2005 to the non linear case.
Introduction
One of the most interesting aspects of tropical geometry is the relationship between results in algebraic and tropical geometry. A good example is Mikhalkin's correspondence theorem, [3] where the relation of Gromov-Witten invariants in the plane is discussed or, less ambitious, the relation between solutions of linear systems of equations and its application to prove a constructive version of Pappus theorem presented in [6] . In this paper, we go further than [6] and extend the results there to the nonlinear case.
The main problem we are studying is the following. Suppose given a finite set of plane tropical curves and points. Suppose also that we have a set of incidence relations between these objects of the form: Point a belongs to curve C. Given a set of tropical objects realizing a set of incidence conditions, we want, if possible, to find a set of algebraic curves and points verifying the same incidence restrictions and such that their tropicalization coincides with the original data. Moreover, we are interested in computing sufficient conditions for a set of algebraic objects that determines if they will tropicalize correctly to the tropical data and, what is perhaps more important, to find families of incidence conditions such that, for every tropical realization of the incidence conditions, there is at least an algebraic family that tropicalizes correctly.
The basic notions and notations are the following. Let K be a characteristic zero algebraically closed valued field with rank 1 valuation group. We will consider mainly K = ∪ ∞ n=0 C((t 1 n )), the field of Puiseux series, or even Q(t) alg , the algebraic series over the univariate rational polynomials. In both cases the valuation group is Q. The tropical semifield T corresponds to (Q ∪ {−∞}, max, +) with the tropical sum, "a+b" = max{a, b}, and product, "ab" = a+b, we denote by T * = T\{−∞} = Q. This restriction in the field is convenient, as we are providing constructive and computational results, and it is inoffensive, as the results may be translated to the more formal general case, as we will hint in section 2.1. The application T : K −→ T is called projection or tropicalization. It is minus the order of an element of K. The inverse image of this application will be usually called lift. For a tropical polynomial f ∈ K[x 1 , . . . , x n ], f = i a i x i , the algebraic variety V ( f ) tropicalizes into the tropical variety T (f ) defined by f = " T ( a i )x i ". A very useful tool to deal with this problem is the incidence graph. It parametrizes a set of incidence conditions over the set of points and curves, classifying different kind of algebraic restrictions. Definition 1.1. An incidence graph is a finite bipartite graph with two colors p and c such that any vertex c i of type c has associated a polygon ∆ i with vertexes in the lattice Z 2 . A (tropical) realization of the graph is an assignment of a point P j ∈ (K * ) 2 (resp. (T * ) 2 ) to every vertex p j and a (tropical) curve C i with Newton polygon ∆ i to every vertex c i such that, for every edge (p j , c i ),
One of the main results is the following: Theorem 1.2. Let G be an acyclic incidence graph that is tropically realizable. Then, for all tropical realization of the graph, we can compute an algebraic realization that projects to the tropical one.
This theorem do not need the, familiar but restrictive, notion of stability in order to achieve the result. It is also remarcable that it works for every realization of the incidence conditions and that it contains the linear cases studied in [6] .
We will give an algorithm to compute the algebraic elements from the tropical elements. The backdraw of this theorem is that it is not able to work with more than one intersection point. As long as two curves C 1 , C 2 are not both lines, there is a cycle in the incidence graph [c 1 , p 1 , c 2 , p 2 , c 1 ], with P 1 , P 2 two different intersection points. For the case of working with more than one intersection point, we propose to work with the more meaningful notion of stable intersection. Theorem 3.2 proves that this notion corresponds to the intersection of almost all possible lifts of the two curves. In this case, it is better to work with tropical contructions instead of just incidence relations. We use the notion of tropical construction from [6] extended to the non linear case. Definition 1.3. A geometric construction is an abstract procedure consisting of • Input data: A finite number of points and curves with prescribed Newton polygon in the plane.
• Allowed steps: computing the -(stable) intersection of two curves,
-the (stable) curve with Newton polygon ∆ passing thought #(∆ ∩ Z 2 ) − 1 points.
• Output: A finite set of points and curves with some incidence relations.
The notion of tropical construction gives, naturally, an incidence graph. So we may think that geometric constructions are special realizations of particular incidence graphs. The other main theorem is the following. Theorem 1.4. Consider a tropical plane geometric construction G with input elements
. Then, there is an algorithm that takes such a construction and computes a constructible set S ⊆ (C * ) N , not always empty, such that if the vector (P c( a
) of principal coefficients lies in S, then the algebraic construction is well defined and the result projects onto the tropical construction.
In this theorem, it is not claimed that there is always a possible lift, as theorem 1.2 does. It is possible that the constructible set S is empty. In this case, the theorem do not yield to any conclusion. We will give an example of such a situation in section 5.
The paper is structured as follows. In Section 2, there are presented some technical results about computing a preimage of a point lying in a tropical curve belonging to a fixed lift of this curve. The case of curve intersection and its agreement with tropical stable intersection follows in Section 3. Section 4 is devoted to the proof of the two main theorems 1.2 and 1.4. Finally, in section 5, it is studied with some detail the results expected for the relationship between the tropical and algebraic constructions.
Computing the preimage of a point in an hypersurface
Suppose given a tropical polynomial f with coefficients in Q. By [2] we know that, for any lift f and any point a ∈ T (f ) ∩ Q n , there is a point a ∈ V ( f ) such that T ( a) = a. Here, we are extending this result determining what are the possible principal coefficients on the coordinates of any such lift. In [5] , it is claimed a similar result for general varieties, not only hypersurfaces, but the proof is non constructive and it seems that it has a gap. We provide our own, constructive proof, for an hypersurface in the case of K = ∪ ∞ q=1 C((t 1 q )). This description is given by some polynomials in the residue field C parametrized precisely by the corner locus of the piecewise linear function represented by f . The next definition corresponds to the notion of focusing on the "fiber" over a tropical point.
a polynomial over the residue field C. That is, this construction consits in rewriting the polynomial f ( 
• f b has at least two monomials
• f b has a root in (C * ) n .
Theorem 2.4 (Newton's lifting method in several variables
Proof. The only if part is trivial. We prove the if implication by induction in n, being true for n = 1, see for example [7] . Suppose w.l.o.g. that the variables appearing in f b are exactly x 1 , . . . , x n , because if one variable x j does not appear in f b , it may be substituted x j = γ j t −bj and we can apply induction, as all the information we need is included in
. To see that the conditions still hold, we need the following:
, we trivially verify that 
Substituting here x 1 by γ 1 as before will destroy the desired structure for the induction, so we substitute
q is a polynomial with coefficients in C, so q(
). The previous expression equals:
. We are still in conditions of using induction as g (b2,...,bn) (γ 2 , . . . , γ n ) = 0 (and hence (b 2 , . . . , b n ) ∈ T (g)).
Example 2.5. Consider the polynomial f = xy − 2y + y 2 + ty 4 − tx 4 y 4 , f = "0xy +0y +0y
If γ = (1, 1), f (1, y) = g(y) = −y + y 2 , g(y) = "0y + 0y 2 ". Note that 0 ∈ T (g), but g(y) = f (0, y) = "0y + 0y
2 + (−1)y 4 ".
Interpretation of the theorem in the general case
Now we are going to prove this theorem in the case of K being a characteristic 0 algebraically closed field provided with a non archimedean valuation. We do not need to restrict to the tropical case, that is, our valuation do not need to be a rank one valuation with value group contained in R. By the classical result of [4] , the theory of characteristic zero algebraically closed fields with a non archimedean valuation (v(Q) = 0) is a complete theory. To prove theorem 2.4, it is enough to write it down in the language of valued fields (0, 1, +, ·, |). We introduce the following notation in order to make more readable the exposition.
Definition 2.6.
• v(x) ≥ v(y) := y|x "x has greater valuation than y"
) "x and y has the same principal term"
There are elements y i with the same valuation than x i , but such that v( f (x)) > v( f (y)). This means that there must be a cancellation of terms in f (x). In the case of Puiseux series, it means that the principal coefficients of x 1 . . . x n belongs to the variety defined by the residue polynomial
It is a polynomial with fixed support but parametric coefficients. Theorem 2.4 is equivalent to the interpretation in the field K of (∀a l1 . . . a lq )(∀y 1 
"For all polynomial with given support there is a root with prescribed principal coefficients if and only if there is a cancellation of terms w.r.t the polynomial for every point with those principal terms".
There is a nice interpretation of theorem 2.7 where the field is the Puiseux series one. In the general case, consider a valued field K, k the residue field of the valuation. For any element φ ∈ Φ in the valuation group, define K φ = {a ∈ K : v(a) ≥ φ}/{a ∈ K : v(a) > φ}. It is a k-vector space of dimension one, any isomorphism with k consists in taking an element t φ of valuation φ and multiply by it:
Then the theorem may be stated as:
Of course, applying remark 2.3 to this situation, we recover Kapranov's theorem. If (φ 1 , . . . , φ n ) belongs to the corner locus of f in Φ n , then [f (xt φ1 , . . . , xt φn )] φ has at least two monomials and it is possible to find a root with no zero coefficient. The advantage of this theorem is that we have also the information of the possible principal terms [a i ] φi that may appear, not only their valuations.
Stable intersection of tropical curves
One of the two basic steps given in the definition of tropical construction is computing the stable intersection of two arbitrary curves. In order to lift such steps, it is necessary to have a way to characterize the set of curves in the algebraic torus whose intersection tropicalizes exactly to the stable intersection. This is the aim of this section.
Proof. This is a problem of tropicalizing the determinant of a matrix. Take
T ( h r ) ≤ h r and the equality holds if and only if the term γ r t −hr of h r is different from 0. But γ r is a polynomial in C[α ij , β kl ]. The set of polynomials claimed is {γ 1 , . . . , γ N }. If no one of them vanishes, the resultant tropicalizes correctly.
Then there is a finite set of polynomials in the principal coefficients of f , g which depends only on their tropicalization f , g such that if no one of them vanishes, the tropicalization of the intersection points of f , g is exactly the stable intersection of f and g.
Proof. Lemma 3.1 gives us a set S of polynomials in the principal coefficients of f , g such that, if no one of them vanishes, the algebraic resultants Res x ( f , g) and Res y ( f , g) tropicalize exactly to the tropical resultants Res x (f, g) and Res y (f, g). These two tropical resultants determine a finite set P . The problem is that, unlike the algebraic case, the intersection of the two tropical curves and P may be strictly larger than the tropicalization of the intersection, see 3.4 for an example. So, another polynomial is needed in order to discriminate the points that are not tropicalization of any intersection point. Consider a natural number a such that the linear function x − ay is injective on the finite set P . Make the monomial change of variables z = xy −a . The polynomial Res y ( f (zy a , y), g(zy a , y)) = p(z) = p(xy −a ) encodes the possible values of xy −a over the common roots of f and g. We add to S the required restrictions on the principal coefficients to make this resultant compatible with tropicalization.This possible values of xy −a corresponds to the possible values x − ay of the tropicalization of the roots. As the latest is injective on P , we conclude that
is exactly the tropicalization of the intersection points of any system ( f , g) whose principal coefficients satisfy the restrictions imposed by the three resultants.
It only rests to prove that this computed points correspond to the stable intersection of the two curves. This points are roots of tropical resultants, which are continuous functions w.r.t the coefficients of the polynomials. Under a small generic translation of one of the curves, the intersection becomes transversal, so finite. In this transversal case we have that the tropicalization of the algebraic intersection points is contained in the finite tropical intersection set and the number of preimages of any tropical intersection point cannot exceed its intersection multiplicity. Indeed, the number of preimages must be equal to its multiplicity and the two sets coincide. Taking the limit under this perturbation shows that the tropical resultants compute exactly the stable intersection of the two curves.
Remark 3.3. An important remark of this proposition is the following. If we forgot the restrictions induced in the coefficients of the polynomials by the resultants, the three resultants computed still determine exactly the intersection of the two curves, but it is possible that they are no more in the stable intersection. This gives us a way of computing a tropical basis of a zero-dimensional system V ( f , g), see [1] for definition and computation of tropical basis. This tropical basis may be taken as ( f , g, Res x , Res y , p(xy −a )). Even if the last one is a Laurent polynomial with negative exponents, this is not a problem as all the considerations are done in the torus and we may multiply by a suitable power of y. Res x (f, g) = 0 "1 + 1y" "0 + 1y + 0y 2 " −∞ −∞ 0 "1 + 1y" "0 + 1y + 0y 2 " 0 "1 + 1y" "0 + 1y + 0y 2 " −∞ −∞ 0 "1 + 1y" "0 + 1y + 0y 2 " = "0 + 1y + 1y 2 + 1y 3 + 0y 4 ". By symmetry Res y (f, g) = "0 + 1x + 1x 2 + 1x 3 + 0x 4 " Their roots are the lines y = −1, y = 0, y = 1 and x = −1, x = 0, x = 1 respectively. The intersection of this lines and the two curves gives the four stable points plus (−1, 1) and (1, −1). We need another resultant that discriminates the points. See Figure 1 . Take x − 3y, the first affine function x − ay that is injective over these points. f ("zy 3 ", y) = "0 + 1y + 0y 2 + 1y 3 z + 1y 4 z + 0y 6 z 2 ". Res y (f ("zy 3 ", y), g("zy 3 ", y)) = "6z 8 + 9z 9 + 9z 10 + 8z 11 + 6z 12 ". Its roots are 0, 1, 2, −3. It is easy to check now that the intersection of the two curves and the three resultants is exactly the stable intersection. The two extra points take the values -4, 4 in the monomial "xy −3 ". 
Computing the set of restrictions and lifts of an incidence problem
Recall the original problem. Supposse given a finite set of plane tropical curves and points realizing an incidence graph. Compute, if possible, a set of algebraic curves and points realizing the incidence graph and tropicalizing onto the given objects. Let {C 1 , . . . , C n , p 1 , . . . , p m } the tropical entities satisfying the set S of incidence relations, ∆ i the Newton polytope of C i . The curve C i is represented by a tropical polynomial f i = " j=(j1,j2)∈∆i∩Z 2 a i j x j1 y j2 " and the tropical points by
2 ). The lifts we search are of the form f i = j=(j1,j2)∈∆i∩Z 2 (α
The naive approach of imposing the conditions ( f i ) pj = 0 for the incidence relation p j ∈ f i essentially works for the case of theorem 1.2, which is proved next.
Proof of Theorem 1.2. Take G the incidence graph of the elements just described. Suppose w.l.o.g. that it is a connected acyclic graph, so there is only one path without repetitions between any two nodes. Make the lift inductively starting from any node and any concrete lift of the node. Suppose now two adjacent nodes, one of them already lifted to the algebraic case. Distinguish two cases.
• The lifted node is a curve and the other one is a point:
The available data in this situation is an algebraic curve f , its tropicalization f and a point p in the tropicalization. Simply apply theorem 2.4 to compute a valid lift p in f and proceed with the next nodes.
• The lifted node is a point and the other one is a curve passing through the point: Now the data is an algebraic point p = ( b 1 , b 2 ) and a tropical curve f = " j=(j1,j2)∈∆ f ∩Z 2 a j x j1 y j2 " passing through the tropicalization p = Remark 4.1. This theorem allows, for example, to construct lift of two curves with a prescribed non stable intersection point. Take the two curves C 1 , C 2 and a non stable intersection point p. The way to proceed is lifting C 1 , then lifting p belonging to C 1 and compute finally a lift of C 2 passing trough p.
Proof of Theorem 1.4. This theorem has two different task: Firstly, given G an abstract geometric construction, input tropical elements {f 1 , . . . , f n , p 1 , . . . , p m },
. Secondly, given a set of lifts of the input elements { f 1 . . . , f n , p 1 , . . . , p m } whose vector of principal coefficients belongs to S, compute a lift of the whole construction that agrees with the tropical construction.
Start with the construction of the set S. We are going to define an auxiliary set T first. Write
These variables will describe S. Perform the construction with this data as follows.
Start defining the constructible set
N and V 1 = V . Suppose defined our constructible set T ⊆ C K up to a construction step. Define T after the step as follows: For the case of a stable curve g i passing through M = #{∆ i ∩ Z 2 } points, this problem is just solving a system of linear equations. The coefficients of g i are rational functions in the variables of V 1 . [6] proves sufficient conditions for this system to be compatible with tropicalization. These conditions are inequalities of the form h i = 0, 1 ≤ i ≤ M , where the h i are the pseudodeterminants associated to the linear system. Append this inequalities to the definition of T and follow the construction with the computed g i among our objects.
Suppose now that our construction step consists in the stable intersection of two curves f , g with Newton polygons ∆ f , ∆ g respectively. Compute a natural number a in the conditions of proposition 3.2 from the two tropical curves f , g. Compute the three resultants R x (x) = Res y ( f , g), R y (y) = Res x ( f , g), R z (z) = Res y ( f (zy a , y), g(zy a , y)). We have M = M(∆ f , ∆ g ) intersection points. Compute the tropical stable intersection points
for all pairs i = j and, finally, the set of inequalities h = 0 for every principal coefficient of R x , R y , R z . Realise that, in particular, we have imposed all our intersection points to be simple intersection points. Proceed with the construction, adding the points (s
2 ), these points do not need to belong to the intersection of the two curves, but they agree with the roots in their principal terms. After the whole construction, we have defined a constructible set T that characterizes the possible principal coefficients of all the elements in the construction. Let S be the projection of the set defined by T into the space of variables {α
is the constructible set of valid principal coefficients of the input elements.
Suppose now that the vector (α
2 ) belongs to S. We are going to construct suitable algebraic data. Start with any algebraic input elements with the principal coefficients defined by the given vector and tropicalizing to the input tropical elements. Take for instance
Perform the steps of the construction. For the curve passing through a number of points, we have to solve a linear system of equations. As the set S imposes that no pseudodeterminant annihilates, the system has only one solution that agrees with tropicalization. For the case of the intersection of two curves, no principal coefficient of the resultant R x , R y , R a vanishes. It implies that there is only a finite number of intersection points and they tropicalizes to the stable intersection of the curves. The fact that S is a projection of T implies that all these intersection points are simple and the subsequent steps of the construction are coherent with these roots.
Tropical geometric constructions
Tropical geometric constructions is a useful tool when dealing with non-trivial incidence relations between varieties. It agrees naturally with the stable intersection of the curves taken in consideration. Moreover, it permits to arrange the computations focussing on the smaller set of input objects.
The following diagram explains the general context to consider now. Given a geometric construction, we study if there is a choice for the lifting T −1 that makes the diagram commute:
In order to determine the potentially good situations, we focus on the following concepts:
• An abstract tropical geometric construction. That is, we do not specify the coordinates of the points, neither the concrete curves, only their Newton polygon and the steps of the construction.
• The specialization of the input elements of the abstract construction to concrete elements.
• A concrete lift of a given set of input elements.
We manipulate these concepts adding quantifiers relating them in order to obtain a sentence like: "K 1 tropical construction K 2 specialization of the input data K 3 lift of these input data, diagram 1 commutes". Where K 1 , K 2 , K 3 ∈ {∀, ∃}. We arrive naturally to the following subproblems:
Problem 5.1. 4. There exists a construction such that for all input tropical data and for all lifts of these tropical data, diagram 1 commutes.
5. For all constructions, there is a choice of input tropical data and there is a lift of these tropical data such that diagram 1 commutes.
6. There exists a construction such that for all input tropical data there is a lift of these tropical data such that diagram 1 commutes.
7. There exists a construction and there is suitable input tropical data such that for all lifts of these tropical data, diagram 1 commutes.
8. There exists a concrete construction, particular input tropical data and a suitable lift of these tropical data such that diagram 1 commutes.
Clearly, these relations are not independent, ranking (non linearly) from item 1, which is the strongest, to item 8, the weakest one. Checking this problems gives an overview of the typical problems we find when dealing with incidence conditions in tropical geometry. It will be proved that the only statements that hold are items 5, 6, 7 and 8. For the sake of brevity, we will consider mostly the case where our curves are lines on the plane. Proof.
• Take two tropical lines in the plane that intersects in only one point. Then, for all lifts of this two lines, the intersection point always tropicalizes to the tropical intersection. So statement 5.1.7 holds and, from this, we derive that 5.1.8 also does.
• Choose two curves that intersect in an infinite number of points. In remark 4.1, we are given a way to compute lifts that intersects in non stable points. So the property of agreement with tropicalization is not universal for the non transversal cases. This simple example shows that statement 5.1.1 does not hold. Using duality, we observe also that the concept of stable curve through a set of points does not work for every input data and every lift (ie. there will always be exceptional cases). Thus, since every tropical geometric construction consists of a sequence of these two steps (computing the stable curve through a set of points, or computing the stable intersection of two curves), we deduce that statement 5.1.4 neither holds. In particular, if we are able to find a construction such that for all input data we arrives to these situations, we will find a counterexample to question 5. 
First, we compute four lines through one fixed point a. If point a is exactly the center point of one of the lines, then two of the input points are the same and there are and infinite number of lines passing through these two points. On the other hand, if a is never the center of the lines, it must be in one of the line branches. We only have three possibilities of branches, the directions (−1, 0) (0, −1) and (1, 1). As we have four lines, two of the branches must have the same directions, so these two lines intersect in an infinite number of points and we are done.
• To go further in the analysis, it is necessary to have more tools that takes care of more complicated constructions. Theorem 2.12 in [6] gives us the strongest result of the section. This theorem establishes that for linear constructions such that all elements are tropically admissible and for all specialization of the input elements, there always exists a lift of these elements such that all the steps of both constructions are coherent with the tropicalization. In particular, we have the validity of question 5.1.6, not only a concrete construction, but for a family described by its construction graph for the linear case. Note that Theorem 1.2 also gives such a condition for another class of geometric constructions. Those that instead of computing the stable intersection of two curves, we simply pick up one (stable or not) intersection point. This class coincides with the one defined here for linear constructions.
• Also, a counterexample to 5.1.2 is given in [6] . Take three points a, b, c. Construct the lines l 1 = ab, l 2 = ac and the point p = l 1 ∩ l 2 . If we perform this construction in the projective plane with three points not in the same line, we will always find that p = a. But in the tropical case, taking a = (0, 0), b = (−2, 1), c = (−1, 3), we arrive to p = (0, −1) = a. This simple example shows a concrete construction and input data such that for all lifts of the input elements, diagram 1 does not commute. Note that in this case there are cycles in the construction graph and we are considering twice the intersection of l 1 , l 2 , which is not a very reasonable construction. If we follow the method exposed in theorem 1.4, then, for all lifts, we arrive that the constructible set is contained in 0 = 0. That is, the set of valid principal coefficients is empty.
• Finally, lets prove 5.1.5. This case of course cannot be restricted to the linear case. Suppose given a geometric construction, we choose as input data the most degenerate case possible: if we have a point, we choose the point to be p 0 := (0, 0) and if we have a curve with prescribed Newton polygon, we take all its coefficients equal to zero. As a set, is is a number of rays emerging from the origin (0, 0) in directions perpendicular to the edges of the Newton polygon. The stable intersection of any two of such curves is always the isolated point p 0 with the convenient multiplicity. The stable curve with prescribed polytope taking all elements equal to the origin is the one with all coefficient equal to zero. It only rests to check that there is a lift compatible with this tropical construction. We take as lifts of the original elements variables. As every coefficient on the lift is of order zero, we may take the lifts to be exactly rational numbers. It is easy to check that given the steps of a geometric construction in the classical case we are always able to find an instance of this construction such that every input or constructed point lies in the torus (C * ) 2 and no curve lacks any of its variables. That is, no coordinate of the elements are zero and the tropicalization agrees with this tropical construction. 
